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Chord length sampling method in Monte Carlo simulations is a method used to model
spherical particles with random sampling technique in a stochastic media. It has received
attention due to the high calculation efficiency as well as user convenience; however, a
technical issue regarding boundary effect has been noted. In this study, after analyzing the
distribution characteristics of spherical particles using an explicit method, an alternative
chord length sampling method is proposed. In addition, for modeling in finite media, a
correction method of the boundary effect is proposed. Using the proposed method, sample
probability distributions and relative errors were estimated and compared with those
calculated by the explicit method. The results show that the reconstruction ability and
modeling accuracy of the particle probability distribution with the proposed method were
considerably high. Also, from the local packing fraction results, the proposed method can
successfully solve the boundary effect problem. It is expected that the proposed method
can contribute to the increasing of the modeling accuracy in stochastic media.
Copyright © 2015, Published by Elsevier Korea LLC on behalf of Korean Nuclear Society.1. Introduction
Stochastic media with randomly distributed spherical parti-
cles have been utilized for very high temperature reactors
(pebble bed and prismatic reactors), radiation shielding ma-
terials, and the blankets of fusion reactors. For spherical
particle modeling in Monte Carlo (MC) simulations, three
kinds of methods are known: repeated structure, explicitK. Kim).
d under the terms of the
ich permits unrestricted
cited.
sevier Korea LLC on behamethod, and chord length sampling (CLS) method. The CLS is
a modeling method that randomly samples the chord lengths
on the ongoing neutron track during the MC simulation. The
CLS method has high calculation efficiency because the MC
simulation can be pursued with few geometries as well as
automatic modeling of stochastic geometries. The CLS
method was first proposed by Zimmerman and Adams [1].
After that, Murata et al [2] and Donovan et al [3] proposed theCreative Commons Attribution Non-Commercial License (http://
non-commercial use, distribution, and reproduction in any me-
lf of Korean Nuclear Society.
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Nu c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 5 4 6e5 5 8 547sampling scheme for the calculation of multiplication factors.
Recently, many works have attempted to increase or to
confirm the accuracy of CLS [4e6]. A technical issue referred to
as the boundary effect has been noted when trying to confirm
the accuracy of the CLS method [7]. In finite stochastic media,
spherical particles cannot be located outside of the medium
boundaries; therefore, the volume packing fraction is gradu-
ally decreased at the region near the boundary of the sto-
chastic media. Also, the number density in the center region
(which is not affected by the wall boundaries) is changed.
Fig. 1 is an example of the failure in treating the boundary
effect using CLS in a previous study [7]. With resampling
scheme in the CLS method, only the track lengths are simu-
lated in the Monte Carlo simulation. Therefore, the spherical
particle resampling with the method developed in the previ-
ous study was pursued near the boundary as the positions of
the spherical particle cannot be properly considered.
In this study, an alternative CLS method based on the
geometrical cross section of spheres was proposed to increase
the sampling accuracy in finite stochastic media. First, the
characteristics of stochastic particle distribution were
analyzed, and then corrections were applied to the proposed
method. Finally, the proposed method was verified.p
s
Fig. 2 e Introduction of schemes with the conventional
chord length sampling (CLS) and proposed methods. (A)
Sampling of chord lengths with conventional CLS method.
(B) Sampling of particle position in the proposed method.2. Methods
The alternative CLS method proposed in this study is a sam-
pling method of the center position for the spherical particle
geometry modeling. The conventional CLS method samples
the chord length from the current position to the surface of
the sphere (Fig. 2A). As shown in Fig. 2B, the proposed method
samples the center position of the sampled particle. Hence, it
gives an advantage in treating the boundary effect of finite
stochastic media because the sphere's location is known.
To develop the proposed sampling method with high ac-
curacy, analysis of the center position distribution of the
spherical particles is essential when sampling the spherical
particle. In the next section, the distribution properties of the
center positions in stochastic media were analyzed with the
explicit method. Using the information from the followingFig. 1 e Spatial distribution of local packing fractions
estimated in a previous study [7]. Source: http://www.
tandfonline.com/doi/full/10.1080/00411450.2011.639432,
copyright holder: Taylor & Francis Group, LLC, year of
copyright: 2011.section, geometry sampling and modeling methods were
proposed.2.1. Analysis of the random spherical particle
distribution
For the analysis of the distribution of the spherical particles, a
benchmark problem was set. The medium is a
102 cm  22 cm  22 cm hexahedron, and the radius (r) of the
spherical particles, which is filled in the medium, is 1 cm. For
the 10%, 20%, 30%, and 40% volume packing fractions, the
particle positions were randomly sampled with the modified
random sequential addition method [8]. In the modified
random sequential addition method, the particles are first
sampled in the medium without considering the overlaps of
the spherical particles. Then, the particles, which are over-
lapped with each other, are moved with 0.1r length as shown
in Fig. 3. If the particles are moved to the out-of-boundary of
the medium, they are removed and re-sampled in the me-
dium. The movement process is repeated and stopped until
(A)
(B)
Fig. 3 eMovement scheme for the overlapped spheres with
the modified random sequential addition method. (A)
Before movement. (B) After movement.
Nu c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 5 4 6e5 5 8548the particles are locatedwithout any overlap. For each packing
fraction, 100 benchmark problems were generated. The
modeling results are shown in Fig. 4. To analyze the distri-
bution properties, a center region was defined with a size of
100 cm 20 cm 20 cm, as shown in Fig. 5. A starting position
outside the spheres is randomly selected on the left surface of
the center region. The track lengths passing though the
spherical particles on the vertical direction of the front surface
are estimated from the starting position to the right surface of
the center region. The volume packing fraction is defined as a
fraction of the particle volume in the unit medium volume.
Therefore, the volume packing fractions employing the track
length estimation method can be estimated by Eq. (1).PF ¼
X
j
P
i
Li;j
Dj
(1)
where PF is the volume packing fraction of the spherical par-
ticles, Li,j is a track length passing through i
th spherical particle
at j trial number, and Dj is the distance from the left surface to
right surface of the center region at each trial number. Using
Eq. (1), the packing fractions in the center region were calcu-
lated as given in Table 1. Also, the probability density distri-
butions of the l and r' lengths, which are the parallel and
vertical lengths from the neutron to the particle, as shown in
Fig. 2B, were evaluated.
The results of the length distributions are shown in Figs. 6
and 7. The results show two distribution properties. First, the l
length sampling probability follows an exponential distribu-
tion at l > rp, and the sampling probability at l < rp is gradually
decreased as the sampled position approached the starting
position. Second, as shown in Fig. 7, <L>, which is the average
chord length passing through the spherical particle, is not a
constant at l < rp. Based on the information of the particle
distribution properties, the alternative CLS method was
proposed.2.2. Proposal of a spherical particle sampling method
In this study, the alternative CLS method and strategy were
proposed from a method used for Dancoff factor analysis [9].
First, the spherical particles are assumed to be huge nuclides,
as shown in Fig. 8. Then, the particles have a geometrical
microscopic cross section and number density as given in the
following equations:
sp ¼ p$r2p (2a)
r ¼ nt
Vmed
(2b)
where rp is the radius of the sphere, sp is the geometrical
microscopic cross section of the spheres, nt is the number of
the spheres in the medium, and Vmed is the volume of the
medium excepting the total volume of spherical particles.
Hence, the geometrical macroscopic cross section, S, is given
by Eq. (3).
S ¼ r$sp (3)
For spherical particle sampling in 3D medium, the parallel
and vertical locations of the sphere on the neutron ongoing
track should be sampled as shown in Fig. 9. The probability
density function for the parallel length (l) sampling on the
neutron ongoing direction is assumed to be the probability
density function based on nuclide reaction. Also, the vertical
length (r0) and azimuthal angle (q) are uniformly sampled
over the microscopic cross section area for the decision of
sampled sphere position in 3D space. The probability density
functions for the cylindrical coordinate system are given as
follows:
pðlÞ ¼
X
eSl ½0< l<∞ (4)
Fig. 4 e Modeling result of randomly packed spheres using the modified random sequential addition method [8]. (A) 10%
packing fraction; (B) 20% packing fraction; (C) 30% packing fraction; and (D) 40% packing fraction. Source: Conference
proceeding of “Korea Nuclear Society(KNS) meeting”.
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r2p
r0

0< r0 < rp

(5)pðqÞ ¼ 1
2p
½0< q<2p (6)
However, as described in Analysis of the random spherical
particle distribution section, the exponential distribution in Eq.
(4) cannot represent realistic particle distribution of the
spherical centers because the initial location for the spherical
particle sampling is always located outside of the spheres. To
consider the probability distribution in Analysis of the random
spherical particle distribution section, we propose a rejection
technique in which rejection and resampling are pursued
when a sampled particle overlaps with the neutron position.
To calculate the rejection probability, we start with the defi-
nition of the sampling probability of a spherical particle at
location l. s is defined as the distance between the neutron
position and a sampled spherical particle position. As shown
in Fig. 10A, s can be simply calculated with Eq. (7).
s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r0
2 þ l2
q
(7)
If s is smaller than rp (s < rp), the sampled particle is over-
lapped with the neutron position as shown in Fig. 10A. Also, if
s  rp, the spherical particle can be sampled for r0 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2p  l2
q
as
shown in Fig. 10B. Therefore, with the rejection technique, theFig. 5 e Center region in the hexahedron medium.conditional particle sampling probability with the sampled
length l can be expressed with r0 sampling probability as the
following equation:
psðpsjlÞ ¼
8>>>>><
>>>>>:
ps

ps
l  rp ¼
Zrp
0
2
r2p
r0dr0 ¼ 1
ps

ps
l< rp ¼
Zrp
ﬃﬃﬃﬃﬃﬃﬃﬃ
r2pl2
p
2
r2p
r0dr0 ¼ l
2
r2p
9>>>>>=
>>>>>;
(8)
where ps(psjl  rp) is the particle sampling probability (ps)
without rejection at given length l for l  rp and ps(psjl < rp) is
the particle sampling probability without rejection at given
length l for l < rp. Eq. (8) means that sampled particles with
l  rp are not rejected, while sampled particles with l < rp are
rejected at a decreasing rate as l increases. Using Eqs. (4) and
(8), the l length sampling probability with the rejection tech-
nique can be derived as in Eq. (9).
psampledðlÞ ¼ pðlÞpsðpsjlÞ ¼ HðlÞH

rp  l
 l2
r2p
X
eSl þHl rpX eSl
(9)
where H is the Heaviside function to express the discrete
condition in Eq. (8). However, Eq. (9) cannot be directly used forTable 1 e Volume packing fractions in the center region
with themodified randomsequential additionmethod [8].
Average volume
packing fraction
Volume packing fraction
in the center region
s
0.1 0.12515 ±0.00035
0.2 0.25181 ±0.00062
0.3 0.37389 ±0.00047
0.4 0.49834 ±0.0006
Source: Conference proceeding of “Korea Nuclear Society(KNS)
meeting”.
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Fig. 6 e Probability density distributions of l at different
lengths with explicit method. (A) 0.12515 packing fraction;
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reduced (p < 1) by using our rejection technique. Hence, to
compensate for the reduced probability, S* is defined as the
corrected macroscopic cross section. In using S*, the initial
volume packing fractionmust be conserved. Thus, to calculate
S*, the average volume packing fraction is defined by the
average track length (or chord length) in Fig. 11 as follows:
PF ¼ lp
lt
(10)
where PF is the average volume packing fraction, lp is the
average track length passing through the spherical particle,
and lt is an average of the total track length. As shown in
Fig. 11, the total track length (lt) and the track length passing
sphere (lp) are related with the l and r0 by the following
equations:
lt ¼ lþ lp2 (11)
lp ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2p  r02
q
(12)
Using Eqs. (4), (5), (11) and (12) with the rejection boundary
used in Eq. (8), the average track lengths can be calculated
from Eqs. (13) and (14).
lt ¼
Zrp
0
dl
Zr
ﬃﬃﬃﬃﬃﬃﬃﬃ
r2pl2
p
dr0
2r0
r2p
S*eS
* l

lþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2p  r0
2
q 	
þ
Z∞
rp
dl
Zrp
0
dr0
2r0
r2p
S*eS
* l

lþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2p  r0
2
q 	
(13)
lp ¼
Zrp
0
dl
Zr
ﬃﬃﬃﬃﬃﬃﬃﬃ
r2pl2
p
dr0
2r0
r2p
S*eS
* l

2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2p  r0
2
q 	
þ
Z∞
rp
dl
Zrp
0
dr0
2r0
r2p
S*eS
* l

2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2p  r0
2
q 	
(14)
Substituting Eqs. (13) and (14) to Eq. (10), Eq. (15) is then
derived as follows:
A

S*
2 þ BrpS* þ B ¼ BeS*rp (15)
where A ¼ 2rp2(1 e PF) and B ¼ (4 e 5 PF).
Eq. (15) cannot be directly solved, and thus, numerical
methods are recommended. Using the S* estimated from Eq.
(15), the spherical particle modeling with the rejection tech-
nique proposed in this study is performed by the algorithm
described in Fig. 12 with the following procedure:
Step 1: l is sampled with Eq. (16) with a random number x
l ¼ lnðxÞ
S*
(16)
Step 2: r0 is sampled with Eq. (17) with a random number x
r0 ¼ rp
ﬃﬃ
x
p
(17)(B) 0.25181 packing fraction; (C) 0.37389 packing fraction;
and (D) 0.49834 packing fraction.
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Fig. 9 e Sampling scheme with the proposed method.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2 þ r02
p
) is < rp, go to Step 1 (overlapped case
with neutron position); otherwise, go to Step 4.
Step 4: Considering the neutron position and ongoing di-
rection, new sphere positions are sampled with Eqs. (18) or
(19).
- For 1 e w0
2 > 0.1;
xsp ¼ xn þ lu0 þ r0 ðx1u0w0  x2v0Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 2
q   (18a)
x1 þ x2 1w20
ysp ¼ yn þ lv0 þ r0 ðx1v0w0  x2u0Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q 
1w20
 (18b)
zsp ¼ zn þ lw0  r0
x1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1w20
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q (18c)Fig. 8 e Basic principle of the proposed modeling method.- Otherwise;
xsp ¼ xn þ lu0 þ r0 ðx1u0v0  x2w0Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ x2
q 
1 v2 (19a)1 2 0
ysp ¼ yn þ lv0 þ r0 x1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v20
p
x21 þ x22
(19b)
zsp ¼ zn þ lw0 þ r0 ðx1w0v0  x2u0Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q 
1 v20
 (19c)
where (xsp, ysp, zsp) are the new sphere positions sampled, (xn,
yn, zn) are the neutron positions, (u0, v0,w0) are the unit vectors
of the neutron ongoing direction, and x1 and x2 are random
numbers. Using the rejection method in Step 3, the sampling
probability is naturally reduced near the neutron position as
described in Analysis of the random spherical particle distribution
section.
Step 5: If the sampled spherical particle overlaps with the
boundary of the stochastic medium or is outside the sto-
chastic medium, it is rejected; otherwise, the particle sample
is accepted and the sphere sampling is stopped.p
p
p
p
(A)
(B)
Fig. 10 e Overview of spherical particle sampling and
rejection. (A) Overlapped case (rejected) and (B) boundary
condition for using the rejection technique.
lt
lp
r'
rp
l
Neutron position
Sampled sphere
Fig. 11 e Estimation of track lengths for the calculation of
s* with sampled sphere.
Nu c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 5 4 6e5 5 8552Step 6: If the rejection is used in Step 5, the other spherical
particles, which are located behind the rejected spherical
particle, cannot be sampled as shown in Fig. 13; thus, a tem-
poral neutron position is decided at the surface of the rejected
particle as shown in Fig. 13. If the temporal neutron position is
outside of the stochastic boundary, the particle sampling
procedure is stopped; otherwise, go to Step 1 with the tem-
poral neutron position.t
n l
r
e
t
l
Fig. 12 e Overall algorithm of the2.3. Proposal of number density correction method
Using the proposed method, modeling of spheres in infinite
stochastic media can be effectively and accurately pursued.
However, for finite media, the boundary effect should be
properly accounted. Using the proposed method in Step 5,
the sampling frequency near the wall boundary is naturally
reduced by the rejection method. Thus, the average number
density of the spherical particles is also reduced. In this
study, a correction method to compensate for the average
number density or packing fraction is proposed. As shown
in Fig. 14A, the sampled spherical particle cannot be located
in Region B or Out-of-Boundary. Thus, the number density is
continually decreasing as the boundary of the medium is
approached using the rejection method in Step 5. To
describe this phenomenon, first, an intersection volume
(between Region A and the spherical particle) is defined as a
region that the spherical particles can be located. Then, the
particle number density, r(r), near the medium boundary at
location r (a temporal position in a stochastic medium) is
proportionally decreased by the volume fraction, which is
the intersection volume per total volume of the spherical
particle.r
m
s
n
l t
n l
s
s
t
s p
s
p
d
e
proposed modeling method.
Out-of-boundary
Neutron
position
Temporal
eutronn
position
Sampled particle -> rejected
Fig. 13 e Step 5 rejection method with a stochastic medium boundary.
Fig. 14 e Overview of the local number density calculation. (A) Sampling and rejection regions in the particle distributed
medium and (B) calculation of local number density.
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Fig. 15 e Distribution of the relative number density for the
plane boundary.
Nu c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 5 4 6e5 5 8554The wall region is defined as the region in which the
number density is changed by the wall effect, as shown in
Fig. 14B. The number density in the center region of Fig. 14B is
constant because there is no wall effect. The local number
density is calculated using Eq. (20).
8><
>:
rðrÞ ¼ VðrÞ
VT
rc; if r is in Wall Region
rðrÞ ¼ rc; otherwise
(20)
where V(r) is the intersection volume between Region A and
the sphere in Fig. 13, VT is the volume of the spherical particle,
and rc is the number density in the center region. The number
of the particles in the regions is conserved; hence, rc can be
calculated using Eq. (23).
nt ¼ nc þ nw (21)
r$Vmed ¼ rc$Vc þ rw$Vw (22)
rc ¼
r$Vmed  rw$Vw
Vc
(23)
where nc is the number of particles in the center region, nw is
the number of the particles in the wall region, Vc is the volume
of the center region, rw is the average number density in the
wall region, and Vm is the volume of the wall region.
In the proposedmethodwith boundary effect correction, rc
is used instead of r in Eq. (3) for wall effect correction. Also, the
modified volume packing fraction to use in Eq. (15) can be
calculated from the following equation:
PFc ¼ rc$
3
4
pr3p (24)
In Eq. (23), the parameters can be easily obtained from the
initial condition, except for the average number density in the
wall region. We derived methods to calculate the average
number density in the wall region for three representative
boundary types: plane, sphere and cylinder.
(1) Plane boundary
The number density in the wall region is gradually
decreased by the V(r)/VT volume fraction as given in Eq. (20).
For the plane boundary, the intersection volume V(r)¼V(x) in
the wall region is calculated from Eq. (25).
VðxÞ ¼
ZRmaxrpx
rp
p
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2p  x0
2
q 	2
dx0 (25)
Fig. 15 shows the results of the relative number density
calculated from Eqs. (20) and (25). The average number density
in the wall region for the wall effect correction is estimated
from the Eq. (26).
rw ¼
Z 2rp
0
A$rðrÞdrZ 2rp
0
Adr
(26)
where A is a constant for the unit area of the plane.(2) Sphere boundary
The intersection volume V(r)¼V(r) for the spherical me-
dium can be divided as shown in Fig. 16. One is the partial
volume of the sampled particle, and another is the partial
volume of the spherical medium. Therefore, the intersection
volume, V(r), can be calculated from the sum of the two partial
region volumes.
VðrÞ ¼ Vp1ðrÞ þ Vp2ðrÞ (27)
where Vp1(r) is the partial region volume of the spherical
particle and Vp2(r) is the partial region volume of the spherical
medium. The partial volumes (Vp1(r) and Vp2(r)) can be calcu-
lated from Eqs. (28) and (29), respectively.
Vp1ðrÞ ¼
Zrp
rpðrÞ
p
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2p  r0
2
q 	2
dr0 (28)
Vp2ðrÞ ¼
ZRmaxrp
pðrÞ
p

 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rmax  rp
2  r02q 2dr0 (29)
where
pðrÞ ¼

Rmax  rp
2  r2p þ r2
2r
Fig. 17 is the relative number density in the wall region of
the spherical medium calculated. The average number den-
sity of the wall region is calculated from Eq. (30).
rw ¼
Z Rmax
R
2rp
max
rðrÞ$4pr2dr
Z Rmax
R
2rp
max
4pr2dr
(30)
Fig. 16 e Partial division of the intersection volume for the
spherical boundary.
Fig. 18 e Partial division of the intersection volume for the
cylindrical boundary. (A) Radial division of the intersection
volume and (B) axial division of the intersection volume.
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It is impossible to derive directly the equation of the
intersection volume V(r)¼V(r) for the cylinder boundary due to
the generation of the integrated error function. For the
calculation, a numerical approach is introduced. At first, the
intersection region is divided into two radial subregions and
axial subregionswith unit length,Dz as shown in Fig. 18. Then,
V(r) is the sum of the divided cylinder volumes; hence, the
equation is derived as Eq. (31).
VðrÞ ¼
Xn
i¼1

Vp3ðr; ziÞ þ Vp4ðr; ziÞ

(31)
where
Dz ¼ rp

n
zi ¼ 2i 12 Dz0.0
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Fig. 17 e Distribution of the relative number density for the
sphere boundary.n ¼ total number of axial divisions
Vp3(r,zi) ¼ partial volume of the spherical particle at r and zi
Vp4(r,zi) ¼ partial volume of the cylindrical boundary at r
and zi
Each divided region is assumed to have a cylindrical shape
as shown in Fig. 18B. As a result, the volume at each divided
region can be calculated from Eqs. (32)e(35):
if Rmax  2rpðziÞ< r<Rmax;
Vp3ðr; ziÞzDz
"Xn
i¼1
p
2
rpðziÞ2  fr pðr; ziÞg
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rpðziÞ2  fr pðr; zÞg2
q
 rpðziÞ2 arcsin
fr pðr; zÞg
rpðziÞ
#
(32)
Vp4ðr;ziÞzDz
"Xn
i¼1
p
2
R0
2 pðr;ziÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R0
2 pðr;ziÞ2R02
q
arcsin

pðr;ziÞ
R0
#
(33)
and if r < Rmax 2rp(zi);
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otherwise;
Vp3ðr; ziÞ þ Vp4ðr; ziÞ ¼ 0 (35)
where rp(zi) ¼ radius of the divided spherical sub-region at
zi ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2p  z2i
q
R0 ¼ Rmax  rp
pðr; ziÞ ¼ R
02  RpðziÞ2 þ r2
2r
The relative number density using Eqs. (20) and (31) was
calculated and the result is shown in Fig. 19. The average
number density of the wall region is calculated from Eq. (36).
rw ¼
Z Rmax
R
2rp
max
rðrÞ$2pr$hdr
Z Rmax
R
2rp
max
2pr$hdr
$
Pm
j
Pn
i
r

rj; zi

$

rj

Pm
j

rj
 (36)
where h is the unit height of the cylinder (constant) and
rj ¼ Rmax  2rp þ 2rp jm3. Evaluation and validation
For the verification of the proposed method, three aspects
were evaluated in this study. First, the sampled probability
distributions for the benchmark problem in Analysis of the
random spherical particle distribution section were estimated.
Second, the local packing fractions in finite medium were
evaluated. Finally, relative errors of the packing fractions for
benchmark problems were evaluated and the results
compared with those from the explicit method.
For the same conditions in Analysis of the random spherical
particle distribution section, the spherical particle sampling
from the proposed method was performed and repeated 108
times for each packing fraction. The results were calculated0.0
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Fig. 19 e Distribution of the relative number density for the
cylinder boundary.and compared with the results in the Analysis of the random
spherical particle distribution section as shown in Fig. 20. The
sampled probabilities with the proposed method and the
explicit method give good coincidences with each other at low
packing fraction. However, as shown in Fig. 20C,D, the packing
fractions near the peak probability region have some dis-
crepancies. Analysis shows that the discrepancies are caused
by the assumption on the uniform distribution of the spher-
ical particles used in this study. Fig. 21 shows an example on
the radial packing fraction of the spherical particles with high
packing fraction [10]. While the spherical particle distribution
used in this study assumed to be a uniform distribution in
stochastic media, the particle distributions with the explicit
modelingmethod or experimental case give large fluctuations
in the stochastic medium as shown in Fig. 21. Therefore, the
packing fractions (estimated by the proposed method) high-
lighted as A and C in Figs. 20D and 21 are highly estimated
compared to those of explicit method while the packing
fraction in the region highlighted as B in Figs. 20D and 21 is a
low estimate. As a result, for high packing fractions, the
simulation accuracy using the method proposed in this study
is relatively lower than that of low packing fractions. This
phenomenonwas analyzed as one of the limitations using the
sampling based geometry modeling method, and therefore
further study into the particle distribution with high pack
fractions should be pursued in order to increase the accuracy
of the sampling based methods.
To investigate the accuracy of the proposed method in the
wall region (the boundary effect), a benchmark problem and
results were introduced from a previous study [7]. The particle
radius was set to 0.1 cm, and a 0.03 cmmesh was used for the
record of the local packing fraction. Spherical particle sam-
pling with a 0.1 cm radius was repeated 107 times in a 200 cm
thick infinite plane. The local packing fraction was estimated
by the track length estimator. Fig. 22 shows the results of the
local packing fractions. The results near the wall region using
the proposed method are in good agreement with the bench-
mark problem, while the local packing fraction near the wall
boundary with the CLS method gives a larger relative error.
To confirm the accuracy of the proposed method in finite
media, the particle sampling simulations for a fuel compact
unit cell and a fuel pebble cell were pursued with benchmark
problems. The cylindrical fuel zone in the fuel compact unit
cell has radius 0.6225 cm and height 4.9276 cm. The TRISO
particle in the fuel compact has radius 0.039 cm. For the
pebble cell case, the spherical fuel zone has radius 2.5 cm, and
the radius of the TRISO particle is 0.045 cm. The evaluations
were performed in the PF range from 0.05 to 0.30 in 0.01 in-
crements, and compared with those of the explicit method.
Fig. 23A shows the results of the PF for the fuel compact unit
cell, and Fig. 23B shows the results for the pebble unit cell. The
relative errors of the results in both cases were within 0.5% of
the proposed method.4. Conclusion
This study proposes an alternative CLS method for spherical
particle modeling in stochastic media. First, the
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Fig. 20 e Probability density distributions at location l with
the proposed method and the explicit method. (A) 0.12342
Fig. 21 e Profiles of radial packing fractions with computed
pebble bed, voxels and sphere measurement data from
tomography scan [10]. Source: Conference proceeding at
PHYSOR, 2012.
Fig. 22 e Distribution of local packing fraction with the
proposed method and the other methods [7]. Source: http://
www.tandfonline.com/doi/full/10.1080/00411450.2011.
639432, copyright holder: Taylor& Francis Group, LLC, year
of copyright: 2011.
Nu c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 5 4 6e5 5 8 557characteristics of the particle center distributions in stochas-
tic media were evaluated with explicit modeling, and then the
distribution properties of the spherical particles were
analyzed. To consider the properties, sampling and rejection
methodswere proposedwith an analytical estimationmethod
for the rejection probability. In addition, a correction method
for the application in finite media was proposed. For verifi-
cation, first, sampling probability distributions with the pro-
posed method were evaluated and the results compared to
those with explicit method. The analysis showed that the
reproducibility of the probability distribution was confirmed.
Second, the local packing fractions near the medium bound-
ary were estimated and compared with the results of a pre-
vious study. We found that the proposed method canpacking fraction; (B) 0.24684 packing fraction; (C) 0.37026
packing fraction; and (D) 0.49834 packing fraction.
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Fig. 23 e Pf relative errors between the proposed and
explicit methods. (A) Cylindrical fuel compact and (B)
spherical fuel pebble.
Nu c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 5 4 6e5 5 8558successfully reconstruct the local packing fraction near the
boundary. Finally, the relative error of the average packing
fractions was estimated and compared with the explicit
methods. The results indicate that the proposedmethod has a
good accuracy within 0.5% relative error. It is expected that
the proposed method will contribute to increasing modeling
accuracy and utilization of the CLS method in stochastic
media.5. Future work
A novel sampling-based modeling method of the spherical
particles in stochastic media was proposed in this study. The
proposed method uses different sampling distribution and
procedure compared to the conventional CLS methods.
Therefore, for the verification of the proposed method, the
reactor characteristics of MC simulation such as the multi-
plication factor should be evaluated and compared with the
other CLS methods. In this research, the basic distributionproperties of the proposed method were only evaluated. For
the future work, the reactor characteristics with a develop-
ment of MC simulation code will be performed with the pro-
posed method.Conflicts of interest
All contributing authors declare no conflicts of interest.
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